The strong Kronecker product has proved a powerful new multiplication tool for orthogonal matrices. This paper obtains algebraic structure theorems and properties for this new product. The results are then applied to give new multiplication theorems for Hadamard matrices, complex Hadamard matrices and other related orthogonal matrices. We obtain complex Hadamard matrices of order 8abcd from complex Hadamard matrices of order 2a, 2b, 2c, and 2d, and complex Hadamard matrices of order 32abcdef from Hadamard matrices of orders 4a, 4b, 4c, 4d, 4e, and 4f We also obtain a pair of disjoint amicable OD(8hn; 2hn, 2hn)s from Hadamard matrices of orders 4h and 4n, and Plotkin's result that a pair of amicable OD( 4h; 2h, 2h)s and an OD(8h; 2h, 2h, 2h, 2h) can be constructed from an Hadamard matrix of order 4h as a corollary. The strong Kronecker product has proved a powerful new multiplication tool for orthogonal matrices. This paper obtains algebraic structure theorems and properties for this new product.
INTRODUCTION
We study the structure and properties of the strong Kronecker product. The results obtained are then used to obtain powerful new multiplication theorems and structure theorems for Hadamard matrices and related orthogonal matrices.
COMPLEX ORTHOGONAL DESIGNS
Let i denote a square root of -1. Let Xl We consider some cases where B j and C j are weighing matrices. If C j = ° for all j, then the matrices B j are weighing matrices, and A is a real matrix which is called an orthogonal design OD(c; s). If Bj(C j ) has elements 0, 1, -1 then B j /\ B j (C, /\ C j ) has elements 0, 1. Hence if the rows (columns) of B j (CJ have constant weights, as for a weighing matrix, then B j /\ B j (C j /\ C j ) has constant row sum. Hence if Bj and C j are weighing matrices, then the matrix A /\ A has constant row sum, and A sharp COD corresponds to a set of disjoint weighing matrices which divides into two sets such that a pair of matrices chosen from the same set are antiamicable and all other pairs are amicable. More complex amicability relations could be embodied by adding more commuting square roots of - 1. A pair of (anti-)amicable SCODs corresponds to a set of weighing matrices with strong amicability and disjointness properties.
THE STRONG KRONECKER PRODUCT
Suppose Nand M are matrices whose non-zero entries are in i!J> and fl, respectively. In this paper, we let N x M denote the usual Kronecker product of Nand M. 
where each is an mn x pq matrix. We call L the r x t times t x u strong Kronecker product of M and N. It is important to note that the operation is fully determined only after the parameters r, t, and u are set. Generally, the partitioning of the matrices will be clear from the context, and then we call L the strong Kronecker product of M and N.
We will see that this operation preserves orthogonality. We first give a result which strengthens a theorem of Seberry and Zhang [9] . (4) or, equivalently, 
LEMMA 1 (Structure Lemma
(A 0 B)(C 0 D)* = AC* x E.
(6)
Proof The following calculation proves Eg. (2) . 
Proof Apply associativity to the following matrix.
I THEOREM 2. Let [HsrJ, [ArtJ, [KsrJ and [BrtJ be presented as respectively a
We say a (0, gIl)-matrix A and a (0, 2l)-matrix B are disjoint if A A B=O.
We begin with a simple but surprising lemma. 
which is clearly true.
As a consequence of Theorem 3, we have the pretty result. A consequence of this corollary is that COROLLARY 
AMICABLE AND ANTI-AMICABLE ORTHOGONAL DESIGNS FROM HADAMARD MATRICES
Plotkin [7] first showed that the existence of an Hadamard matrix of order 2h implied the existence of an OD(2h; h, h). Seberry and Zhang [9] recently obtained the same result while investigating the strong Kronecker product. We extend this result below. But first we make some remarks.
Let P be any anti-symmetric monomial matrix (i.e., P = -p T and P /\ P is a permutation matrix). Let R = HP, U = !(R + H), and V = hR -H).
Then U and V are disjoint (0,1, -I)-matrices such that UV T = -VU T and VV T = UUT = i(RR T + HHT) = hI 2h . It follows that Ux! + VX2 is an OD (2h; h, h) .
The results of the following theorem are related to the results of Plotkin [7; 6, p. 127J that if there is an Hadamard matrix of order 2h then there exists an OD ( 4h; h, h, h, h) and an OD(8h; h, h, h, h, h, h, h, h) We see Plotkin's results reproved in the next corollary: COROLLARY 
If there exists an Hadamard matrix of order 2h, then there is an OD(4h; h, h, h, h), disjoint amicable AOD(4h; h, h, h, h), a sharp COD(4h; h, h, h, h), and an OD(8h; h, h, h, h, h, h, h, h).
Proof Let A and B be the matrices in the proof of the previous result; then is the required OD(4h; h, h, h, h) 
Now an OD(8h; h, h, h, h, h, h, h, h) similar to that of Plotkin, may be written

[ xS+ yT zS+wT -as+bT CR+dU] -zS+ wT xS-yT -cR-dU -as+bT
I
W= as+bT cR+dU xS-yT -zS-H;T . cR+dU -as-bT -zS+wT -xS-yT
We note that, in the argument of the proof of Theorem 5, we may replace the Hadamard matrices, W, X, Y, and Z of order 2 with the following Hadamard matrices of order 2k to obtain designs where the parameter h is replaced by hk. Of course, the existence of designs with these parameters also follows from Theorem 5 and Agaian's result, which gives an Hadamard matrix of order 2hk; so we will not state the apparently more general result here.
MULTIPLICATION THEOREMS USING 2 x 2 STRONG KRONECKER PRODUCT THEOREM 6 (Multiplication Theorem). Let [HI H 2 ] be an Hadamard matrix of order 2a and let [A'[ AD be a COD(2b; u) with entries from f!Ji;
then the matrix is a COD(2ab, au) .
Plainly, its entries are in f!Ji. The Structure Theorem ensures the matrix is orthogonal, and indeed, because the entries are all in f!Ji, it ensures each indeterminate appears the correct number of times in each row and column. I
The next corollary contains some results of Agaian [1] , Craigen [4] , and Seberry and Zhang [9] 
(iv) if there is a weighing matrix W(2b, k) there is a W(2ab, ak).
Proof To obtain the required designs, apply Theorem 6 with the design 
so Rand Sand T and U are pairs of disjoint (0, 1, -1 )-matrices. Note the matrices 1 4n , X, Yand XY have amicability properties which, by the Conferred Amicability and Anti-amicability Theorem, are inherited by R, S, T, and U. Finally, by the Structure Lemma RRT = SST = TTT = UU T = 2hnI 4hn ; so R, S, T, and U are the required weighing matrices. Now let a, b, x, and y be distinct commuting indeterminates. We note that Theorem 6 preserves sharpness; so it may be viewed as constructing new sets of disjoint weighing matrices with amicability properties from old. Note that just one (complex) orthogonal design is used. Our purpose here is to show how the Conferred Amicability and Antiamicability Theorem may be used to construct new sets of matrices with amicability properties from more than one (complex) orthogonal design. To avoid cumbersome detail, our results are stated for ODs only; similar results can be proved for (sharp) CODs. THEOREM 1J 0 C.
-1
Proof Apply the conferred Amicability and Anti-Amicability Theorem.
I
Many pairs of amicable orthogonal designs are known [10] . The simplest pair gives a simpler proof of part (1) 
--w z
I
The designs in the next corollary can be "plugged" into orthogonal design to produce orthgonal designs on more variables. COROLLARY Proof Any complex Hadamard matrix of order 2c gives an Hadamard matrix of order 4c; so there exist Hadamard matrices of orders 4c and 4d. Now use the argument in the proof of the previous result. I Similarly, a complex Hadamard matrix of order 8abcd can be obtained from three complex Hadamard matrices of orders 2a, 2b, and 2c and one Hadamard matrix of order 4d. We do not know whether Theorem 12 is true if the complex Hadamard matrix of order 2b is replaced by an Hadamard matrix of order 4b.
Let
Using Craigen, Seberry, and Zhang's result for 4 Hadamard matrices and Agaian's result for 2 Hadamard matrices, the best one can do is obtain a Hadamard matrix of order 64abcdef from Hadamard matrices of orders, 4a, 4b, 4c, 4d, 4e, 4f The next corollary to Theorem 12 ensures we may obtain a complex Hadamard matrix of order 32abcdef and hence an Hadamard matrix of the block form
